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D-instantons are considered as a probe of coinciding N D3-branes. They can 
feel an external metric via the commutator terms in their effective action. We show 
that when the D-instantons are separated from the D3-branes, the metric which is 
probed at the one loop level, exactly coincides with that of the BPS R-R 3-brane. 
Q_i! Interesting connection of this result to the possible explanation of the AdS/CFT 

correspondence within IKKT M-atrix theory is discussed. 



Dedicated to the memory of Alexander Valerievich Makedonski. 



1. One of the ways of thinking about super-string theory is that it suggests a method 
of probing the geometry of an ambient space. Until recently we have had only one object 
which was able to serve for that purpose. It was the string itself. At present, however, at 
our disposal there are D-branes JIJ which also can play the role of probes. 

Remarkably, the D-branes can feel a geometry at distances smaller than the string 
scale 0. This way it is possible to probe the curved space in the vicinity of string solitons 
|3], [| . In some circumstances that is relevant for the investigation of the SYM low energy 
dynamics |5|, ||. For example, the D-branes give a geometric description of different 
phenomena in the SYM theories which live on their world-volumes (see, for example, 
1,1,1,0)- 

Besides that, among various discoveries within the context of the D-brane physics, 
there is the AdS/CFT correspondence ||. It establishes a relation between two seemingly 
different theories. One of them is the four- dimensional M = 4, SU (N) SYM theory, taken 
at large N and strong coupling (gy M N = g s N » 1). While the other is the type IIB 
SUGRA on the AdS^ x (S$) N background. The latter contains N units of the elementary 
flux of the R-R tensor field through the S$, which is indicated by the subscript "A". Also 
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the radii of the AdS& and S5 are equivalent to each other and given by i? 4 = 47ig s Na' 2 . 
Here g s and a' are the string coupling constant and the inverse string tension, respectively. 

Inspired by the developments of the probe physics we want to study how it can help in 
the explanation of the AdS/CFT correspondence. For this purpose we solve a warmup ex- 
ercise which we hope could clear up the physics underlying the correspondence. Following 
||, where a D-string was studied as a probe of an M5-brane, we consider n D-instantons 
probing N coinciding D3-branes. Via these tools the theory describing the M5-brane was 
examined within M-atrix model 11. Here we are doing the same for the D3-brane within 



the IKKT picture of the M-atrix theory []10| , 11 



The D-instantons in the background of the D3-branes have several branches on their 
"vacuum moduli space"^. Only two of them are relevant for our discussion. In accordance 
with the ref. ||, the first one we refer to as "Coulomb branch". It corresponds to the 
case when all the D-instantons are separated from the coinciding D3-branes. The second 
one is referred to as "Higgs branch" |J. It, in turn, describes the situation when all the 
D-instantons are sitting on the D3-branes. Of particular interest for our purposes are the 
effective instanton actions for the "massless fields" on the branches. 

Concretely, in this note we calculate the one loop effective D-instanton action on the 
"Coulomb branch". As in the ref. 0], we want to find the geometry which is probed in 
this context. Below we explain that the D-instanton can feel the metric of a bulk space 
via the commutator terms in its effective action. 

At first sight, our calculation is valid at fixed N and week coupling, then f\ gy M iV = 
g s N « 1. However, because of the aid of SUSY we exactly recover the D3-brane metric, 
on the branch in question. This is the main result of our note. 

Moreover, because the dilaton of the 3-brane SUGRA solution is just a constant, in 
our case it is possible to understand the singular limit of a small distance between the 
probe and the D3-brane. In this limit we get the theory describing the vicinity of the 
point on the D-instanton "vacuum moduli space", which connects the "Coulomb" and 
"Higgs" branches. Inspired by the ref. 11, we believe that its examination is relevant for 
the explanation of the AdS/CFT correspondence. At least within IKKT M-atrix model. 

In fact, first, the theory on the "Coulomb branch" at the singular point can be obtained 
when N —>■ 00 and g s N >> 1 ||, ^J. Accordingly, from our calculation in this limit we 
get the D-instanton theory on the AdS§ x S 5 background. 

Second, in accordance with the ref. 0, it is the latter theory which should be equiva- 
lent to that on the " Higgs branch" . In our case this can be traced as follows. Really, the 
n D-instantons on the "Higgs branch" are equivalent to the ordinary n YM instantons 
of the U(N) gauge theory [0, [14]]. At the same time it is known that the moduli space 
of one N = 4 super- instanton is exactly AdS 5 x S$ |15, [16], [17], Moreover, as was 



shown in Ul~7 |, when N — > 00, the n instanton moduli space is again the AdS§ x S*5.(A11 
instantons tend to sit at the same point!) Hence, the latter should be the manifold which 
is seen by the D-instanton on the " Higgs branch" . 



2 It is worth mentioning at this point that in the case of D-instantons there is no such a thing as 
the vacuum moduli space. Rather the manifold in question corresponds to the minimization of the D- 
instanton action function. In fact, the integration variables in its matrix model are just matrices rather 
than fields. However, we will refer to that manifold as vacuum moduli space and to these matrices as 
fields to keep an analogy with the ref. Q . 

3 Hence, when R 4 /a' 2 << 1 and all the curved part of the bulk space-time is confined inside sub- 
stringy distances. Still, D-instanton can probe it. 
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Third, it is the limit iV — > oo with n — > oo taken on the "Higgs branch", which is 
related to the presence of a large number of the D3-branes in the IKKT M-atrix theory 
J9], |l9j. Thus, even at this point we see that the N — > oo D3-branes are equivalent to the 



AdS 5 x S 5 SUGRA. In our next publication we hope to present a proof of those facts and 



the statements of the ref. |17] via the methods presented in this note. 

2. For the beginning, we explain how a D-instanton can probe an external metric 
and what is the meaning of the low energy expansion in this context. In early papers on 
the subject in question, D-branes with the world history were considered as probes. This 
allowed to use the common way of testing the metric of an external space-time ||: via 
the kinetic part in the world-volume theory of a probe. In the D-instanton case, in turn, 
there is no such a term, because it is just a point in the ambient space. However, in the 



ref. [|12| it was argued that D-branes also can probe an external metric via commutators 
in their world-volume theory. For example, in the case of n > 1 D-instantons one can 
have the following effective action: 



com it • n> f< ^ 

S mst = : Tr ( - G m , (A) ■ G vv , (A) 



A^ ,A l 



A\A V \ ) 
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+ super — partners + O (Tr [., .] 3 ) , A = Tr A 2 ^. (1) 

where A^, (/x = 1, 10) are U(n) matrices. Their eigen-values parametrize positions of 
the D-instantons in the target space with the metric G M „. The first term in this formula 
is unambiguous. 

The contribution O (Tr [A, A] 3 ^j in eq. ([!]) includes all higher powers in commutators. 
They are necessary [12] to maintain an equivalent of the "general covariance"[] in this 
context. This series is an analog of an expansion in powers of derivatives, i.e. of the 
low energy expansion. In fact, under a T-duality transformation the A^ matrices are 
exchanged with differential operators - the covariant derivatives — iA^x). 

Let us now describe the D-instanton theory we are going to start with. It is the 
SUSY U(n) matrix model with additional hyper-multiplets describing the N D3-brane 
background [[HJ. Concretely, this theory should contain hyper-multiplets both in the 
adjoint and N in the fundamental representations of the gauge group. Its action can be 
obtained, via the reduction from four to zero dimensions, in some particular M = 2, U(n) 
SYM theory. In Af = 1 notations the latter has the following Lagrangian [g\ M = g s ): 

L = jTrRe{^ J d 2 9W a W a + 2 J <f6H + e~ 2A H + 
+2 J d 4 9^e- 2A ^ + ^=J d 2 6He u [<f> /; $j] + 

+2 J2 (/ d 4 9Q; e - 2A Q p + J d 4 9Q p e 2A Qp + ±= J d 2 6Q p HQ p ^ }, (2) 

where A and H are the vector-multiplet (with the super-field strength W a ) and the adjoint 
hyper-multiplet, respectively. They compose the Af = 2 vector-multiplet. Accordingly, 

4 Which is yet to be understood [Q for such a situation. However, it is approximately respected at 
each order in the expansion (fil). 
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$/ are two adjoint M = 1 hyper-multiplets, belonging to the corresponding Af = 2 
super- field. Besides that, Q p and Q p are hyper-multiplets in the fundamental and anti- 
fundamental representations of the gauge group, respectively. They, in turn, compose the 
N fundamental M = 2 super-fields. 

The theory @ describes the low energy dynamics on the world- volume of the n D3- 
branes in the unstable situation - when iV D7 branes are present. In fact, the four- 
dimensional theory (0) has the /3-function leading to the Landau pole. Hence, it is not 
sensible quantum mechanically. However, its reduction to zero dimensions makes a sense 
and describes a real and stable situation: the D-instantons in the background of the 
D3-branes. 

After the reduction, the D-instanton action in question looks as follows: 



S= C -^^lTr\ - l -[A^A b f-\[A a ^H]\ 2 + \^ 



9s 



A n ,X 



+ 



4( 



+ X a a [A a ,x]-iV2([X, X ] H + +[\, x 



H + ,H 



+ 



$;,$ 7 +q+ ®q p -q p ®q; 



H) + 

2 



-2 



-e 7J [$ 7 , $j] + Q p ® Q p 



- \[A a ,^ I ]\ 2 + tp I a a A a ,*P 



-iV2([A,Vx] $|+ [A,^j] $+) -2 

V2 ([^, X ] + x] - ^ (i/e/j [^/, ^j] + H + e u [fa, ^j]) 

|^4aQp| A a Qp 2 |iJQp| 2 HQp 
+ppcr a A a p p + ppcx a ,4 a p p + iv 7 ^ (QpXpp - ppXQp - Q p Xp P + p p XQ % 

- V% (ppXQ P + QpXPp + PpHpp + P P xQ P + Q P XP P + P P H + p Pj 



(3) 



Here a = I and cr a , (a = 1, 3) are the Pauli matrices. While ® means the external 
product over the U(n) color indexes. We have suppressed them along with the spinor 
ones. Also from now on we assume a summation over all repeated indexes if the inverse 
is not stated. 

In the action (Q) we have symbolized bosonic component fields in the same way as the 
corresponding M = 1 super-fields. Also A and x are super-partners of the four real A a 
and one complex H scalars. Similarly ipj are that of the two complex fields $/. While, 
p p and p p are super-partners of the iV complex scalars Q p and Q p , respectively. For our 
purposes, in deriving the action @, we have assumed that the D3-branes are coinciding 
and placed at the origin of the six-dimensional transverse space. 

Let us explain now the string and geometric meanings of those bosonic fields. The ten 
hyper-multiplets A a , (a = 1, ...,4), H = (A 5 + iA e ) and $/, (/ = 1,2) are coming 
from the strings attached by both their ends to the D-instantons. According to the ref. 
pOf one can relate the theory @, taken only for these fields, to the D-instanton action 
in the flat target space. At the same time the N hyper-multiplets Q p and Q p are coming 
from the strings stretched between the D-instantons and the D3-branes. 



Thus, the eigen-values of the six scalars A r 



1,...,6) parametrize relative 
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positions of the n D-instantons to the D3-branes. When those fields acquire non-zero 
"VEVs", the former are separated from the latter. At the same time, the eigen- values of 
the four scalars represent positions of the D-instantons in the four directions tangential 
to the D3-branes. 

To understand the geometric meaning of the Q p and Q p fields one can look for the 
SUSY "vacuum state" of the theory (f^). Among the conditions on the state there are as 
follows: 



$j, $ij + q; ® q p - q p ® q; = 

-e u [$,, <$>j) + Q p ® Q p = 0. (4) 

They, along with the factorization over the U(n) gauge group, represent the Hyper-Kahler 
reduction procedure. Which is the main ingredient in the ADHM construction of the n 
instanton moduli space in the U(N) gauge theory. (See, for example, |21|, |9| for the 



discussion on this point in the context related to our case.) Therefore, while eigen- 
values of correspond to the positions of the n instantons, their sizes and relative 
color orientations are represented by the fields Q p and Q p . If the latter acquire non-zero 
"VEVs", the D-instantons are confined to the D3-brane world-volume. They become 



ordinary YM instantons |L3] with the sizes set by the background of Q p and Q p . 

3. Now we will be looking for the D-instanton effective action on the "Coulomb 
branch" . As was explained above, it is enough for us to consider the terms which are of 
the quadratic order in commutators. 

On the branch of interest we have a non-zero "VEV" for the J2m=i = I^P- Via 
the gauge fixing it can be set to be (no summation over i is assumed in this formula): 



=|A|J = ^, (5) 



2 



\m=l / ij 



'« a' 2 



where r i? (i = l,...,n) are the distances between the D-instantons and the D3-brane. 
Eventually, to simplify an interpretation of the final result, we will take all — > r (see 
below). At the same time, while \A\ 2 is diagonal, A m themselves are assumed to have 
small non-diagonal parts. Also we consider non-zero background fields with the similar 
conditions on their non-diagonal parts. Thus, we slightly break SUSY and have small but 
non-zero commutators of the matrices A m and $/, which is similar to the case of a non-zero 
velocity of a probe brane as in the ref. M. 

As we see from the eq. (|3]) the fields Q p , Q p , p p and p p acquire "masses" (set by r$) in 
the background (||). We integrate them out to get the effective action for the "massless" 
fields A m and $/. While "massless" fermions A, x an d ipi are set to zero. 

For the background in question the action @ can be rewritten as follows: 



S = S cl + 



const ■ a 



-Tr 



ff + - v2fq p ®q p - v2f+q+ ® q^ 
- 1 -d 2 + d(q;®q p -Qp®q; 



$7, $/ ( Q+ ® Qp - Qp ® Q+ j - e TJ $j] Q+ ® Q+ - 
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-e/j 



A m Qp + p P a a A a p p + p p a a A a p p 
- V2 (ppHp p + p p H + p p 



(6) 



where S c i is that part of (^|) which depends only on the A m , (m = 1, ...,6) and $/ 
fields and we have explicitely wrote all the terms depending on the fundamental hyper- 
multiplets. The fields D, F and F + in this formula can be integrated out, leading to the 
quartic in Q p and Q p contributions from the eq. (|]). 

After a straightforward Gaussian integration over the fundamental hyper-multiplets 
and simple manipulations with the logarithms we get the following effective action^: 



const -a' 2 f 1 r . . l2 Ir , = -,,2 

&// ~ Tr -- [A m , A n f - \[A m , $/]| 2 

9s L z 



1 r , i2 
7T 



iV 



Tr log 1 + —([$+ $ 7 



+ ...} + 



a 



A/ f 
+ -Tr log 1- — [A m ,A^ + ... 



(7) 



where dots stand for higher powers in the commutators and fields F and D. We have 
explicitely substituted into this formula the S c i, "VEV" of the \A\ 2 from the eq. (Q) 
and have taken the limit — > r. The first logarithm, in the obtained expression, is the 
contribution of the bosons Q p and Q p , while the second one is due to the fermions p p and 
Pp- 

To get eventually the terms which are quadratic in commutators, one can expand the 
logarithms from the eq. (0) only to the leading order. In fact, all higher corrections give, 
after the integration over the F and D fields, contributions to higher terms in the series 
([!]). Thus, performing the expansion and integration over the F and D fields, we get the 
ultimate answer: 



const ■ a' 2 if i? 4 \ ,, . l2 m , r . , ,,o 



+- 1 + — Tr 



0(Tr [.,.] 



which is exactly the D-instanton effective action (JT]) in the BPS 3-brane background: 



?4\ 2 6 



i? 4 \ _ 5 2 / ^>4 

d 2 s = ( 1 + — J d<P 1 d<P 1 + ( 1 + — ) da m da r , 

m=l 



' / 1=1 \ ' 



(9) 



where r 2 = Dm=i a m- Now one can see that when all commutators are equal to zero, 
i.e. we respect the SUSY, the bosonic and fermionic determinants are perfectly cancel 

5 We do not include the Fadeev-Popov determinant into this expression, because after the gauge fixing 
(^|) it gives no contribution to the terms quadratic in commutators. 
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between each other. Moreover, because of the general SUSY arguments, the eq. (|3|) is an 
exact result at this order of the expansion (jH). 

4. As we see the D-instantons allow to probe directly an external metric as in the eq. 
(JJ) rather than its implicit form, coming from the Born-Infeld action as in |3j]. In the latter 
case one is able to fix an analog of the "Coulomb behavior" (~ v 2 /r 2 ) in the expansion of 
an effective action in powers of the velocity (v). Which is more or less expectable within 
the SYM theory. But this raises the question: how one can understand, within this 
framework, such a global characteristic of the bulk space-time as the horizon? We could 
hope that simplicity of the D-instanton matrix model, combined with the direct probing 
of the metric ([!]), can help in obtaining the horizon directly in the effective action. 

5. Author is indebted for valuable discussions to A. Gorsky, A. Losev, A. Moro- 
zov, I. Polyubin and especially to A. Gerasimov. This work was partially supported 
by RFBR 96-021-7230, RFBR 98-02-16575, INTAS 96-538 and RFBR-96-15-96740 for 
scientific schools. 
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